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The low-density equation of state of a fluid along its critical isotherm is considered. An asymptotically consistent
approximant is formed having the correct leading-order scaling behavior near the vapor-liquid critical point, while
retaining the correct low-density behavior as expressed by the virial equation of state. The formulation is demonstrated
for the Lennard–Jones fluid, and models for helium, water, and n-alkanes. The ability of the approximant to augment
virial series predictions of critical properties is explored, both in conjunction with and in the absence of critical-
property data obtained by other means. Given estimates of the critical point from molecular simulation or experiment,
the approximant can refine the critical pressure or density by ensuring that the critical isotherm remains well-behaved
from low density to the critical region. Alternatively, when applied in the absence of other data, the approximant rem-
edies a consistent underestimation of the critical density when computed from the virial series alone. VC 2014 American

Institute of Chemical Engineers AIChE J, 60: 3336–3349, 2014
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Introduction

The virial equation of state (VEOS) describes the depend-
ence of pressure on density via a series expansion about the
ideal-gas limit1
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where P is the pressure, q is the number density, k is the
Boltzmann constant, and T is the absolute temperature. From
here on, we refer to the J-term virial series as VEOSJ. The
virial coefficients Bj are functions only of T, and the jth coef-
ficient is given in terms of integrals over positions of j mole-
cules.2 Each increment in the order of the virial coefficient
introduces an integration over an additional six variables for
description of the new molecule’s relative position and orien-
tation, plus any other variables required to describe internal
degrees of freedom. Moreover, the number of integrals
appearing for each coefficient increases rapidly with the order
j of the coefficient. The Mayer sampling Monte Carlo
approach is an effective way to compute these integrals, using
importance sampling.3 This approach was recently used to
obtain the first eight virial coefficients for the Lennard–Jones

model,4,5 the first five coefficients for an ab initio model of
helium-46 (unpublished B5 coefficients for He-4 are obtained
in the same manner as those in Shaul et al.6), the first five
coefficients of the Gaussian-charge polarizable model
(GCPM) for water,7 and the first 4–6 coefficients of transfera-
ble potentials for phase equilibria (TraPPE) alkanes.8

It has been known for some time that the virial series is
able to provide a good estimate for the critical tempera-
ture.9–11 The virial series has also been shown to predict val-
ues for the critical pressure that are very close to simulation
data and experiments.4,8 The criteria for locating the critical
point of a pure substance are
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where N is the number of molecules.12 The equalities in (2)
are solved for the critical temperature Tc and the critical den-
sity qc, and (1) is then used to calculate the critical pressure
Pc. When solved using a sufficiently high-order virial series,
these predictions for Tc and Pc are often close to simulation
data and/or experiments, but those for qc are consistently
about 10% too low in such a comparison.4,8

Underestimation of the critical density by the virial series is
connected to the nonclassical behavior of real fluids at the criti-
cal point, for which critical scaling laws assert that qc is a
branch-point singularity of the function P(q) along the critical
isotherm. In the context of critical phenomena, the molar
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volume is the appropriate variable for expressing the equation
of state when selecting P as the dependent variable. The density
q is preferred, however, because it provides for a more symmet-
ric behavior about the critical point.13,14 In this case, the chemi-
cal potential m is the appropriate choice for the dependent
variable, so the equation of state is expressed as l(q). However,
the critical exponent and amplitude for the leading singular
behavior of l(q) is the same as for P(q),13,14 and given that the
virial series is most familiar and useful in the latter form, we
use this in our development. The leading-order scaling along
the critical isotherm (T 5 Tc) is given by14–16

P

Pc

� 12D0 12
q
qc

� �����12
q
qc

����
d21

as q! qc (3)

where D0> 0 is a fluid-specific critical amplitude. The critical
exponent d is exactly 3 for classical fluids (e.g., one described
by a cubic equation of state), but for real (nonclassical) fluids
in the 3-D Ising universality class, d 5 4.789 6 0.002,17 and
thus qc is a branch point. Consequently, a virial series
describing a nonclassical fluid cannot be expected to con-
verge at or beyond qc, and will converge poorly on approach
to qc. This behavior leads to the systematic underestimation
of qc when computed by the virial series. Note that for a clas-
sical fluid, d is an integer and there is no singularity at qc.
Hence, a virial series describing a classical fluid is expected
to converge up to and beyond qc, and a calculation of qc

from the virial series will be consistent with the value
obtained directly from the model defining the classical fluid.

In this work, we use approximants to analytically continue
the virial series such that it captures the behavior described
above, allowing us to construct isotherms that have both the
correct low-density and critical asymptotic behaviors. In the
context of the virial series, an approximant is a function
whose Taylor expansion about q 5 0 matches VEOSJ to
order qJ in (1). A review of various approximant types is
given in Chisholm.18 If the virial series has an inherent
radius of convergence (here, certainly no larger than qc for
real fluids at Tc), an approximant can sometimes be used to
analytically continue the series beyond this radius. There are,
however, an infinite number of analytic continuations that
correspond to a truncated series, through an infinite variety
of approximants. Therefore, it is essential to have, in supple-
ment with the virial series, additional information about the
P(q) behavior for the fluid isotherm being described. This
allows one to choose an appropriate class of approximants
that analytically continue the virial series.

For example, it has been a frequent practice to choose
approximants containing a singularity when forming an ana-
lytic continuation of the virial series for hard-sphere fluids, as
it is believed that either a physical or nonphysical density-
singularity could set the series’ radius of convergence (see
Maestre et al.19 and references therein). These approximants
are used to either predict or enforce the singularity.20–23 In
this work, we use approximants in both ways. In addition, the
approximants constructed here fall under the class of asymp-
totically consistent approximants, in that the asymptotic
behavior of the approximant is consistent with the asymptotic
behavior of the fluid toward the desired region of continua-
tion. The seminal example of this was given by Baker and
Gammel,24 who suggested that such approximants can be
used to obtain optimal convergence acceleration. This is
indeed the case for very soft soft-sphere fluids, where asymp-
totically consistent approximants have recently been applied

to analytically continue the virial series into the large-q
regime.25 In the present work, the desired region of continua-
tion is instead in the vicinity of the critical point.

Use of approximants to characterize critical phenomena is
well-established in the context of lattice models.17,26–28 An
early example is the prediction of Tc using high-temperature
expansions along a critical isochore29 where qc is exactly
known. Given the large number of terms available for these
series30,31 and the rapid approach toward critical scaling,
approximants not only predict Tc to a high degree of accuracy
for lattice models, but also provide an accurate value for the
relevant critical exponent (see Thompson32 and references
therein). The approach is not as straightforward when applied
to the virial series of a real fluid along the critical isotherm, as
Tc is not exactly known. Additionally, there are typically not
enough terms to see a limiting behavior using standard series
analysis techniques (e.g., ratio-method, Pad�e approximants,
and so forth28). Instead, critical properties of real fluids from
the virial series are typically obtained through the application
of (2) toward (1) such that the thermodynamic definition of a
critical point is satisfied at the desired order J. With the
advancement of computational architecture (e.g., graphics pro-
cessors5) and algorithms3,33 that allow one to compute higher-
order virial coefficients for off-lattice systems, the ability of
density series to predict and characterize the critical point is
worth serious consideration, beyond the simple application of
(2). Bondarev34 recently attempted this, separating the pres-
sure into an analytic contribution using low-order virial coeffi-
cients, and a nominally singular contribution using the
remainder of the series. The behavior of his treatment at the
critical point is consistent with (3) but requires d 5 4, and
accordingly yields an inaccurate critical density—10% too
high, in comparison to molecular simulation results.

Thus the present work is driven by an interest in using the
virial coefficients to provide reliable predictions of the criti-
cal properties. An appropriate starting point toward this goal
is consideration of behavior along the critical isotherm, and
consequently that is our focus here. Formulation of a
temperature-dependent global equation of state, fully consist-
ent with the low-density virial series as well as all universal
singular behaviors, is a larger problem of considerable inter-
est, but is not attempted here.

The article is organized as follows. In the first few sections
of the article, the critical temperature, pressure, and density
are taken as given. In this context, an approximant is proposed
that links the low-density behavior given by the virial series
with the nonclassical critical scaling behavior along the critical
isotherm. The approximant is then used to describe both classi-
cal and nonclassical fluid models. A closed-form description is
provided for the vapor side of the critical isotherm for the Len-
nard–Jones fluid, He-4, and GCPM water. In the sections that
follow this initial treatment, the approximant is applied toward
evaluation of the critical properties, specifically the critical
density (for Lennard–Jones), critical pressure (for model alka-
nes), and a critical amplitude (for several fluids). A compari-
son is then made between the approximant and an established
comprehensive crossover model. In the final section of the arti-
cle, overall conclusions and suggestions for further develop-
ment are provided.

Critical Isotherms from Approximants

In this section, critical isotherms are constructed using
given values of the critical density qc, critical pressure Pc,
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critical temperature Tc, and critical exponent d. These values
can come from either experiments, molecular simulation,
direct virial-series predictions, or approximant predictions
such as those given in a later section, “Critical properties
from approximants.”

An approximant that matches the critical scaling law (3)
for the region q �qc is given by

P5Pc2AðqÞ 12
q
qc
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(4a)

where d> 0. Pc represents the nonsingular “background” con-
tribution; in general, this is a function of temperature,14,35 but
here it is just a constant, as we are focused on the critical iso-
therm. The function A(q) used here is a polynomial, which can
be thought of as the Taylor expansion of Pc2P qð Þ½ �
ð12q=qcÞ2d

about q 5 0, which is truncated to form the
approximant. If d is a noninteger, as is the case for real fluids,
(4a) enforces that the closest singularity to q 5 0 (in the com-
plex q-plane) is qc. In principle, the scaling law represented in
(4a) should be written in terms of generalized scaling fields,
which in turn are formed as functions of the thermodynamic
fields (temperature, chemical potential, and pressure).16,40–42

Moreover, even with properly formulated scaling fields, there
exists correction-to-scaling terms that describe higher-order
effects.43,44 Failure to include these introduces additional,
weaker singularities at q 5 qc (i.e., “confluent singularities”37)
that must be absorbed into A(q). If critical exponents are non-
integer rational numbers, then the corrections-to-scaling series
along the critical isotherm36,37 suggests that qc has the charac-
ter of a transcendental (essential) branch point.38 If at least one
critical exponent (such as d) is found to be irrational, qc would
then have the character of a logarithmic branch point.39 With-
out incorporating all confluent singularities, we are prevented
from constructing an approximant to describe the region
q> qc. We must also recognize that any practical implementa-
tion of (4a) will necessarily be done with inexact values of d
and qc. Thus, in principle and in practice, A(q) is itself singu-
lar, but more weakly so than P(q), and consequently, it may be
expected that its expression as a density series will have better
convergence properties than exhibited by the virial series
alone.

Apart from its incomplete handling of residual confluent
singularities at the critical point, implicit in our approximant
formulation is the assumption that no singularity exists in
the region jqj < qc along the critical isotherm. Fluids with a
vapor-liquid transition have long been modeled under the
assumption that no singularities exist in the one-phase
region.16,44,45 However, this can be proved only on a case-
by-case basis and in the limit of an infinite-term virial series
(i.e., an exact equation of state). Here, convergence of the
approximant (as additional terms are included) is used as a
metric for determining its efficacy.

The J-term expansion of approximant (4a) about q 5 0
matches the J-term virial series (1) exactly when A(q) is given by
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Formulas (4a) and (4b) allow one to construct critical iso-
therms for any fluid, given input values of qc, Pc, Tc, and d.

For example, the J 5 1 critical approximant given in Appen-
dix A is valid for any fluid, since B1 5 1 for any fluid (ideal
gas limit as q ! 0). Each additional virial coefficient allows
one to generate an additional aj coefficient in (4b). From
here on, we refer to the approximant constructed from
VEOSJ as AJ, where J is the number of available virial
coefficients. These newly generated critical isotherms are
guaranteed to match the low-density behavior provided by
the virial series as well as the nonclassical scaling behavior
near the critical point. In this sense, they are multipoint
approximants.

For q< qc, (3) becomes Pc2P � D0Pc=qc ðqc2qÞd in the
immediate vicinity of the critical point. If one has access to
the location of the critical point as well as an accurate
description of P(q) along the critical isotherm, the value of
the critical exponent can be evaluated as the limit

d5 lim
q!qc

deff ; (5a)

where deff is an effective exponent
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This quantity is useful when examining the approach of
approximants and the virial series to critical scaling behav-
ior, as shall be demonstrated in the next few sections.

Application to a classical fluid

Let us first give a simple example of applying approxim-
ant (4). The van der Waals equation of state is written in
nondimensional form as

P?5
q?T?

12q?
2q?2 (6)

where q?5 C1q, P?5C2
1P=C2, T?5 kTC1/C2, and the param-

eters C1 and C2 describe the intermolecular attraction and
repulsion, respectively. The critical properties of (6) are
q?c51=3;P?c51=27, and T?c 58=27, which is easily verified
through application of definitions (2). The critical exponent
formula (5) applied to (6) leads to d 5 3, as expected for a
classical fluid. One advantage of testing our approximant on
a model such as this is that the equation of state (6) is
known exactly. Hence we can generate an infinite number of
exact virial coefficients; they are given by the coefficients of
the expansion of P?/(q?T?) about q?5 0, which are simply
B2 5 (1 2 1/T?) and Bj>2 5 1.

The van der Waals model is different from nonclassical
models in that there is no branch-point singularity at the crit-
ical point. The only finite singularity of (6) is the pole
q 5 3qc (i.e., q?5 1), so we are guaranteed convergence of
the virial series of (6) in the region q< 3qc. Approximant
(4) accelerates this convergence by enforcing the correct
asymptotic critical behavior, as shown in Figure 1a. On the
scale of the figure, A1, A4, and A7 are indistinguishable
from each other in the region q< qc, which is not the case
for the virial series. Note that (on this scale) the 1-term
approximant A1, which uses the ideal-gas law (VEOS1) as
an input, performs as well as VEOS7 in the region q< qc.
We can also examine the behavior for q> qc since d is an
odd integer, which means that the approximant captures the
scaling behavior approached from both sides of qc. As
shown in Figure 1a, both the approximant and virial series
converge to the exact equation of state (6) (•) up to and

3338 DOI 10.1002/aic Published on behalf of the AIChE September 2014 Vol. 60, No. 9 AIChE Journal



beyond qc; it is evident, however, that the approximant
tracks the exact behavior more closely as q gets larger, does
so using fewer virial coefficients as input, and apparently
converges more quickly than the virial series for q> qc.

Figure 1b shows the approach to critical scaling, where
(5b) is applied to the virial series and approximant at various
orders. The value of d approximated by the virial series
becomes closer to d 5 3 as more terms are included, in
accordance with (5a). The nonuniform convergence of these
curves is a result of a singularity in (5b) occurring where the
pressure described by the virial series (at each order)
becomes equal to Pc. The approach to the correct scaling
behavior in Figure 1b indicates that we are using virial series
along the correct critical isotherm, as well as using the cor-
rect values of qc and Pc as inputs to (5b). Indeed, it is
instructive to examine how Figure 1b differs if implemented
using inaccurate critical parameters. This is illustrated in
parts (c) and (d) of the figure. Figure 1c is constructed using
Pc that is 0.2% too low, and Figure 1d shows the effect of
making qc 2% too low. Poor convergence is observed for
both the original virial series, and the approximant. In some
cases, the curves become discontinuous (e.g., A15 in Figure
1c). Similar effects (not shown here) result from inaccurate
Tc (manifested in inaccurate virial coefficients), and from
various combinations of critical-parameter inaccuracies.

A comparison of Figures 1a and 1b indicates that the
tracking of deff at increasing orders of the virial series is a
more sensitive measure of convergence than viewing P ver-

sus q, at least in the critical region where the correct degree
of flatness is asymptotically approached. This method for
viewing the approach to critical scaling becomes increasingly
useful in the following section, where fluids are considered
that have a limited number of virial coefficients available.

Application to molecular-model fluids

In this section, we use the nonclassical value of d 5 4.789
and construct critical isotherms for the Lennard–Jones fluid,2

an ab initio model of He-4,46,47 and GCPM water.48 The
properties in Table 1 are used as inputs to (4) to generate
the isotherms in the following figures. Virial coefficients
evaluated at Tc are also given in the table, computed using
an interpolation scheme52 applied to the available virial coef-
ficients for the Lennard–Jones fluid,5 He-46, and GCPM
water.7 Since we are no longer working with a simple
equation-of-state model fluid with an exact d, and we are
also neglecting nonleading scaling terms, A(q) contains
residual confluent singularities at q 5 qc remaining from
P(q), and the approximant (4) is applicable only for q< qc;
accordingly, we do not present results for densities larger
than qc.

Critical isotherms for the Lennard–Jones fluid, He-4, and
GCPM water are shown in Figure 2. All curves in the figure
are taken at the Tc values given in Table 1. The approxim-
ants AJ in Figure 2 are constructed from (4) using the Pc

and qc values also given in Table 1. In the figure,

Figure 1. Critical isotherm of the van der Waals model.

(a) van der Waals equation 6 (•), virial series (- -, VEOSJ abbreviated as VJ), approximant(—, AJ) using qc, Pc, and Tc as inputs;

and (b–d) approach to critical scaling along the critical isotherm, given by (5b) using critical properties as specified in the plot.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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approximants and virial series are compared against simula-
tion data for the Lennard–Jones model, data from experi-
ments for He-4, and the Wertheim equation of state (WEOS)
for GCPM water. Note that the low-density series given by
the WEOS is truncated at various orders (just as the trun-
cated virial series, it is not exact) and is shown because of
its superior convergence over the virial series.57

In all plots of Figure 2, A1 (the approximant solely using
B1 5 1) captures both the low-density behavior and higher-
density critical behavior, by construction. Although the cor-
rect shape is captured by A1 in the intermediate region 0 �q
�qc, the description can be improved by including additional
virial coefficients in the approximant, as seen in Figure 2.
When comparing curves in the figure, note that AJ includes

a polynomial [the A(q) portion of (4)] that is the same order
in q as VEOSJ. For all fluids, the approximant accelerates
the convergence of the virial series.

Figure 2 provides some insight into why the virial series
is successful at predicting accurate values of Tc and Pc, even
while qc is too low. Recalling that the expected radius of
convergence of the virial series is qc, it is not possible to
accurately predict qc from the virial series using (2), as the
series will never converge at qc. However, the pressure
described by the true equation of state becomes quite flat for
some density q< qc, wherein P/Pc � 1. In this region, con-
vergence of the VEOS is possible (e.g., Lennard–Jones, Fig-
ure 2a), and virial series predictions of the critical pressure
and temperature can be nearly correct even though the

Table 1. Virial Coefficients and Critical Properties of Several Fluids Studied in this Work

Lennard–Jones He-4 GCPM water

Tc 1.313(1) 5.197(3) K 642.21 K
ðB2ÞTc

23.25641527 261.154(4) (cm3/mol) 20.07426(2) L/mol
ðB3ÞTc

2.571108893 960.4(11) (cm6/mol2) 1.56(5) 3 1024 (L/mol)2

ðB4ÞTc
2.8607(4) 1.76(4) 3 104 (cm9/mol3) 2.18(5) 3 1024 (L/mol)3

ðB5ÞTc
0.615(9) 3(17) 3 104 (cm12/mol4) 7(1) 3 1026 (L/mol)4

ðB6ÞTc
25.87(7)

ðB7ÞTc
4.0(14)

qc 0.317(1) 0.01738(3) (mol/cm3) 18.562 (mol/L)
Pc 0.1279(6) 227.2(6) (kPa) 24560 (kPa)

Lennard–Jones critical properties49,50 and virial coefficients are given in reduced Lennard–Jones units. For He-4 and GCPM water, critical properties are taken
respectively from Kukarin et al.51 and Paricaud et al.48 Virial coefficients for Lennard–Jones and He-4 at Tc are obtained using an interpolation scheme52 applied
to the coefficients4–6 (unpublished B5 coefficients for He-4 are obtained in the same manner as those in Shaul et al.6), except B2 and B3 for Lennard–Jones,
which are given exactly. Virial coefficients for GCPM water are taken from Benjamin et al.7 Numbers in parentheses specify the uncertainty on the last digit,
either taken from the above references (for simulation and experiment values) or given as the 68% uncertainty (for virial coefficients).

Figure 2. Critical isotherms prescribed by the virial series (Eq. 1, - -, VEOSJ abbreviated as VJ), and by approxim-
ants (Eq. 4, —, AJ) using qc, Pc, Tc, and virial coefficients as inputs (Table 1).

(a) Lennard–Jones fluid: additional equations of state taken from Kolafa and Nezbeda53 (�) and Johnson et al.54 (w), which were

constructed using molecular simulation data; (b) He-4: additional equations of state taken from the NIST WebBook55 (�) and Bez-

verkhy et al.56 (�), constructed using data from experiments; and (c) GCPM water: WEOSJ taken from Kim et al.57 (curves with

symbols, abbreviated as WJ). Error-bars specify the 68% uncertainty, propagated from uncertainty in the virial coefficients.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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critical density is inaccurate. This effect is explored for a
model problem in Appendix B. For the critical isotherms of
GCPM water shown in Figure 2c, we do not have enough
terms to establish convergence of the virial series at densities
that reach the limiting P/Pc � 1 “flat” region—there are not
yet enough virial coefficients available. We return to a dis-
cussion of the prediction of critical properties from virial
series in a later section of this article, “Critical properties
from approximants.”

In Figure 3, convergence of the virial series and approx-
imants is shown using Eq. (5b), which allows us to examine
the approach toward critical scaling. Note that the q 5 0
intercept on plots such as those in Figure 3 is always (for
any fluid) qckTc/Pc � 1/Zc, as can be verified in (5). The
quantity j1=Zc2dj is a measure of the distance between criti-
cal d-scaling behavior and low-density behavior, provided
that the approach to scaling is monotonic. For Lennard–
Jones (Figure 3a) and He-4 (Figure 3b), a continuous mono-
tonic approach toward critical scaling is observed from
deff 5 1/Zc at q 5 0, to d at q 5 qc. Additionally, for these
two models, the virial series converges along the approxim-
ant curves, and one might expect that these march further
along with additional virial coefficients, as we saw for the
van der Waals model (Figure 1b). Figure 3c highlights the
relatively poor convergence of sequences of approximants,

virial series, and WEOSJ for GCPM water, as additional
terms are included. As seen in the figure, each of these
sequences converges only for densities less than 10% of qc.
Note also that the approach to critical scaling for GCPM
water approximants is not monotonic, in contrast with that
of Lennard–Jones and He-4. For all cases in which we have
observed convergent approximants, a well-behaved (continu-
ous and monotonic) approach to critical scaling is evident
(Figures 1b and 3a, b). We speculate that this character is a
necessary feature of successful critical approximants.

The semiempirical equation of state for helium-4, given in
Bezverkhy et al.,56 is used to represent data from experiments
in Figures 2b and 3b (shown as –•–). In this model, a classical
part and nonclassical part are combined through a Gaussian
crossover function. While the nonclassical part alone attains
the correct limit of deff !d as q !qc (not shown in figure),
the Gaussian crossover function overrides this effect and
causes deff ! 2 at qc, as seen in Figure 3b (which means that
the critical criteria, Eq. 2, are not satisfied). We see, then, that
deff is a sensitive measure of the shape of the isotherm, and
can uncover anomalies even when the description of P(q) is in
sensible agreement with simulation or experiment.56 In the
section Comparison with a Crossover Model, a different type
of crossover model is explored, one that reaches the correct
asymptotic limit as q!qc (shown in Figure 3a, –3–).

Figure 3. Approach to scaling along critical isotherms prescribed by (5b) using P(q) from the virial series (Eq. 1, - -,
VEOSJ abbreviated as VJ), and approximants (Eq. 4, —, AJ) with qc, Pc, Tc, and virial coefficients taken
as inputs (Table 1).

(a) Lennard–Jones fluid: additional equations of state taken from Kolafa and Nezbeda53 (�) and Johnson et al.54 (w), constructed

using molecular simulation data. A crossover model (see Appendix C) is also shown (–3–); (b) He-4: additional equations of state

taken from the NIST WebBook55 (�) and Bezverkhy et al.56 (–•–), constructed using data from experiments; and (c) GCPM water:

WEOS curves taken from Kim et al.57 (symbols, see Figure 2c). Error-bars specify the 68% uncertainty, propagated from uncer-

tainty in the virial coefficients. For all curves (except the crossover model), qc in the x-axis is the value given in Table 1. [Color fig-

ure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal September 2014 Vol. 60, No. 9 Published on behalf of the AIChE DOI 10.1002/aic 3341

http://wileyonlinelibrary.com


An additional feature of the approximant is its suppression
of uncertainty propagated from the virial coefficients, as
observed in Figures 2 and 3. Consequently, the approximant
provides not only a more accurate but also a more precise
description of the critical isotherm than the virial series. This
is shown clearly in the two highest-order series of each plot
in Figure 3. For He-4 and Lennard–Jones, the approximant
matches the (already precise) virial series at low density. At
q �qc /2, the virial series begins to accrue significant error
(i.e., error-bars are visible on the scale of the plot); the
approximant, however, remains precise over the entire range
0< q< qc (i.e., error-bars are smaller than line-width). This
is true to a lesser extent for GCPM water, as seen in Figures
2c and 3c.

The performance for GCPM water notwithstanding, the
results given here encourage the development of
approximant-based tools that can be used to predict critical
properties, so we turn to this topic in the next section.

Critical Properties from Approximants

As mentioned in the Introduction, approximants have been
successfully applied in the prediction of the critical tempera-
ture and exponent of lattice systems, given a high-
temperature series along the path of the critical isochore.26

In much the same way, we may relax one degree of freedom
in (4) by reducing the order of the polynomial (4b) and pre-
dict the critical density or pressure, given the low-density
(virial) series along the critical isotherm of a real fluid. This
is equivalent to setting aJ 5 0 in (4b), leading to

Pc2
kTcJ!

Cðd1JÞ
XJ

j51

Cðd1J2jÞ
CðJ2j11ÞBjq

j
c50: (7)

Given a J-term virial series evaluated at a known Tc, (7)
can be used to either (1) solve for Pc, given qc or (2) solve
for the J roots of qc, given Pc. In either case, the approxim-
ant describing the isotherm is then given by (4) with A(q)
now having J 2 1 coefficients obtained using (4b). When
predicting qc using (7), J possible approximants are then
obtained for each order J, as prescribed by the J possible qc

roots. For our prediction of critical density at each order J,
we choose the qc root which leads to the most rapidly con-
verging approximants as additional terms are included in the
series.

We shall now give two examples of the application of (7)
to predict critical properties. In the first example, we predict
qc for the Lennard–Jones fluid, given Pc and Tc from both
the virial series and from molecular simulation. Then, we
predict Pc for model alkanes, given qc and Tc from molecu-
lar simulation.

Predicting qc, given Pc and Tc

If we accept the hypothesis that qc is the radius of conver-
gence of the virial series describing the critical isotherm, the
prediction for qc using the virial series will always be too
low, as seen for Lennard–Jones,4 model alkanes,8 and dem-
onstrated for a model problem in Appendix B. However, as
additional virial coefficients are included, the critical iso-
therm predicted by the virial series is expected to become
nearly flat prior to reaching the critical point (cf. Figures 2a,
b), providing accurate estimates for Pc and Tc despite the
inaccuracy in qc. These quantities can then be used as inputs
to (7) to predict an accurate branch point qc, which is con-

sistent with the approximant. In what follows, this is demon-
strated for the Lennard–Jones fluid.

In the first 4 columns of Table 2, predictions of critical
properties are given for the Lennard–Jones fluid using
recently obtained virial coefficients.5 These properties are
determined by finding values that satisfy definitions (2) for
each order J of the virial series (1). It is clear from the table
that additional coefficients are needed to establish conver-
gence. Also, the value of qc,VEOS7 is roughly 10% lower
than the value from molecular simulation qc,sim (Table 2,
bottom row). As higher-order virial coefficients become
available for this and other model fluids, we anticipate that
the prediction of qc,VEOSJ will always be inaccurate, due to
convergence limitations discussed above (again, see Appen-
dix B). To remedy this, we use (7) to obtain a corrected
value of the critical density qc,AJ (Table 2, rightmost col-
umn). We choose the smallest real positive qc root of the J
possible roots of (7), as it leads to the most rapidly converg-
ing approximant when used in (4). When comparing values
in the table and subsequent figures, note that the subscript
AJ refers to an approximant that includes a polynomial that
is one order less in q than VEOSJ, as we have sacrificed a
coefficient of A(q) in (4) to predict qc, resulting in (7).

The deviation between qc,AJ and qc,sim is shown in Figure
4, plotted versus the inverse of the series order 1/J, allowing
us to envision possible extrapolations to the infinite series
(1/J 5 0) limit. In Figure 4a, predictions of qc, Tc, and Pc

vary at each order J. Although the predictions qc,AJ using (7)
(•) do not converge any faster than predictions qc,VEOSJ from
the virial series (w), they approach a value closer to qc,sim as
J increases.

The sensitivity of qc to given Pc and Tc as inputs to the
approximant (7) is illustrated in Figure 4b, where the qc pre-
diction curves are evaluated at indicated fixed values of Tc

and Pc (given in Table 2) obtained from a truncation of the
virial series; the truncation order is indicated for each curve
in the subscript of Tc. As shown in the figure, prediction
curves evaluated at temperatures close to Tc,sim follow a lin-
ear trend toward J 51, all extrapolating to a value lower
than qc,sim. However, as demonstrated in Figure 4a, the pre-
dictions of qc, Tc, and Pc change at each order J, and so the
trends in Figure 4b are not necessarily indicative of the ulti-
mate prediction of qc; this would be obtained from Figure
4a. Figures 4a, b together suggest that convergence of qc

predictions is likely to occur, but it is clear that additional
virial coefficients are required to deduce the limiting
behavior.

Predicting Pc, given qc and Tc

As shown in a previous section (Critical Isotherms From
Approximants), the approach of the virial series and the
approximant toward critical scaling can be examined on a
deff versus q plot. In constructing such a plot, a well-
behaved approach of the effective exponent deff toward the
actual critical exponent d relies on accurate values of Tc, Pc,
and qc as inputs to (5b). The good convergence shown in
Figures 1b and 3a, b for the van der Waals model, Lennard–
Jones fluid, and He-4, respectively, indicate that the approx-
imants are based on accurate values of the critical parame-
ters. In contrast, Figures 1c, d show how poor convergence
of the approximant can result from inaccuracy in the critical
properties on which it is based. Accordingly, if the available
literature values of the critical properties do not lead to
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approximants and virial series that approach the correct criti-
cal scaling in a well-behaved way, one may consider adjust-
ing the values within their error-bars until such scaling
behavior is obtained.

We attempted this procedure for GCPM water to “correct”
Figure 3c, but we were unable to find critical values that

yielded a substantial improvement. We conclude that for this
model, we simply do not have enough virial coefficients for
a density series to reach the critical region, or the pressure
plateau, where enforcement of the asymptotic behavior can
aid the series convergence. However, an application for cer-
tain model alkanes has been fruitful, so we turn to them to
demonstrate the approach.

For TraPPE alkanes, the uncertainties in the available
molecular simulation estimates of critical pressure are larger
than that of critical density and temperature.58 For this rea-
son, we use the nominal simulation values of qc and Tc as
an input to the approximant (4) and adjust Pc within its
error-bars until a well-behaved (presumed monotonic)
approach to scaling is obtained. Fortunately, one can use an
approximant to directly provide the best value for a well-
behaved approach to critical scaling, if one exists. In this
section, we use (7) to predict Pc, given simulation values for
qc and Tc. This critical pressure is then used as an input to
(4) (AJ) where approximant coefficients are generated using
(4b).

Let us begin by applying this technique to TraPPE eth-
ane.58 The critical properties of TraPPE ethane from molecu-
lar simulation are Tc 5 304(2) K, Pc 5 5.1(4) MPa, and
qc 5 0.206(3) g/ml.58 Using these values and the virial coef-
ficients (Table 3) as an input to (4), the approximant is con-
structed. As shown in Figure 5a, the approach to critical
scaling is discontinuous, as evidenced in particular by the
curves for A5 and A6. This behavior is suggestive of that
seen for the van der Waals model with incorrect critical
parameters, shown in Figures 1c, d. To correct it, we use the
virial coefficients and the values of qc and Tc from simula-
tion to generate estimates of Pc from (7); for TraPPE ethane,

these are (using VEOS2 to 6): 4.6783(2), 5.0453(3),

5.1902(5), 5.2530(7), and 5.281(1) MPa. Numbers in paren-

theses specify the 68% uncertainty on the last digit, propa-

gated from uncertainty in the virial coefficients. Now, using

the estimate from VEOS6 (Pc,A6 5 5.281 MPa) as an input

to (4), the approximant is constructed for each order J. Note

that the approximant A6 includes a polynomial that is one

order less in q than VEOS6, as we have sacrificed a coeffi-

cient of A(q) in (4) to predict Pc. However, all lower-order

approximants A(J< 6) that use Pc,A6 include a polynomial,

which is the same order as VEOSJ. As shown in Figure 5b,

the approach to scaling is now continuous using the value of

Pc from the approximant, which is within the error-bars of

the simulation value, Pc 5 5.1(4) MPa. We repeat this pro-

cess for TraPPE propane, butane, pentane, octane, and dode-

cane. The simulation critical point estimates and relevant

virial coefficients used to compute Pc,AJ for these alkanes

Figure 4. Deviation between qc from the approximant
[using (7)] and qc,sim,49,50 plotted versus order
1/J, where J is the number of virial coeffi-
cients used in forming the approximant.

(a) predictions from VEOSJ (w) and AJ (•) using Tc and

Pc values that vary along the 1/J-axis; these correspond

with the two right-most columns of Table 2. (b) each

curve represents a sequence of approximants (A2

through A7) evaluated for a single prediction of Tc and

Pc from either the virial series or simulation. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Table 2. Critical Properties of the Lennard–Jones Fluid as Predicted by VEOSJ

J Tc,VEOSJ Pc,VEOSJ qc,VEOSJ qc,AJ

3 1.445277391 0.177913682 0.369269712 0.45752475
4 1.299174(13) 0.122301(19) 0.267471(7) 0.3185970(5)
5 1.29059(9) 0.11934(3) 0.26098(7) 0.301605(1)
6 1.3186(4) 0.13020(17) 0.2936(6) 0.32884(2)
7 1.311(2) 0.127(1) 0.281(3) 0.31199(5)
sim49,50 1.313(1) 0.1279(6) 0.317(1) 0.31668(5)a

Values are given in Lennard-Jones units. Virial coefficients are from Schultz et al.5 qc,AJ is the corrected critical density given by the smallest positive root of
(7), which takes the following as inputs: d 5 4.789; Pc, qc, and Tc as predicted by the virial series at each order J (given above); and the corresponding virial
coefficients (taken from an interpolation). Numbers in parentheses specify the 68% uncertainty on the last digit, propagated from uncertainty in the virial coeffi-
cients (with the exception of the simulation values).
aPredicted using (7) with Pc,sim, Tc,sim, and the first seven virial coefficients taken at Tc,sim (from an interpolation) as inputs.
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are given in Table 3 along with Pc,A5, and Pc,A6. The devia-

tion between the approximant predictions Pc,AJ and nominal

simulation values Pc,sim. are shown in Figure 6, normalized

by the uncertainty on Pc,sim for each alkane (given in Table

3). As observed in the figure, all Pc,AJ estimates converge to

values that fall within the simulation error-bars, except those

for propane and octane.
When applying the procedure above, we recommend choos-

ing the available critical quantity of least precision (here, Pc)
to adjust for critical scaling while using the nominal value of
the quantity of highest precision (here, qc) as an input to the
approximant, as done above. Alternatively, one might try
using the nominal simulation value of Pc as an input to the
approximant and then adjust qc within its error-bars until cor-
rect scaling is observed. This is equivalent to predicting qc

from the approximant using (7), as we did in the previous sec-
tion. For TraPPE alkanes, we find that these estimates for qc

converge poorly with increasing order J to values that do not
fall within the uncertainty of simulation data.

Finally, if Tc is given and at least B2ð ÞTc
is available, one

may construct an approximant to predict both qc and Pc

using (4) in the following manner. Setting aJ 5 aJ21 5 0 in

Table 3. Critical Properties and Virial Coefficients of TraPPE Alkanes

Ethane Propane Butane Pentane Octane Dodecane

Tc,sim (K) 304(2) 368(2) 423(4) 470(4) 570(2) 667(5)
ðB2ÞTc

L=molð Þ 20.15239(1) 20.21155(4) 20.27404(3) 20.34037(8) 20.5723(1) 20.9032(3)
ðB3ÞTc

L=molð Þ2 0.005914(2) 0.011901(6) 0.02112(2) 0.03473(4) 0.1090(3) 0.3012(8)
ðB4ÞTc

L=molð Þ3 2.53(2) 3 1024 6.17(5) 3 1024 0.00121(3) 0.002(1)(1) 0.0034 0.007(5)
ðB5ÞTc

L=molð Þ4 3(4) 31027 26(4) 31026 21(5) 3 1025 21(13) 3 1025 20.0023(3) 20.017(2)
ðB6ÞTc

L=molð Þ5 21.2(2) 3 1026 26(1) 31026 21.7(6) 3 1025

qc,sim (g/ml) 0.206(3) 0.221(3) 0.231(6) 0.238(4) 0.239(2) 0.235(6)
Pc,sim (MPa) 5.1(4) 4.4(1) 4.1(4) 3.7(1) 2.6(1) 2.3(2)
Pc,A5 (MPa) 5.2530(7) 4.618(1) 4.153(2) 3.78(3) 2.793(3) 2.135(4)
Pc,A6 (MPa) 5.281(1) 4.642(2) 4.176(5)

Simulation values Tc,sim, qc,sim and Pc,sim are taken from Martin and Siepmann 58. Virial coefficients at Tc,sim are obtained using an interpolation scheme52

applied to the coefficients.8 Approximant estimates Pc,A5 and Pc,A6 are computed using the nominal value of qc,sim and VEOS5 and 6 evaluated at Tc,sim as
inputs to (7) for each alkane. Numbers in parentheses specify the 68% uncertainty on the last digit, propagated from uncertainty in the virial coefficients (with
the exception of the simulation values). Pc values computed using lower order approximants are shown in Figure 6.

Figure 5. Approach to scaling along the TraPPE ethane
critical isotherm as described by (5b) using
P(q) from the virial series (Eq. 1, - -, VEOSJ
abbreviated as VJ) and the approximant (Eq.
4, —, AJ).

(a) using nominal Pc value from simulation58 and (b)

using the approximant prediction of Pc from (7) with

J 5 6. Note that curves A5 and A6 in (a) are discontinu-

ous. Error-bars specify the 68% uncertainty, propagated

from uncertainty in the virial coefficients. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 6. Deviation between Pc,AJ from the approxim-
ant [using (7) and qc,sim] and the nominal
value of the critical pressure from simulation
Pc,sim., normalized by the uncertainty r from
simulation and plotted versus order J of the
virial series used.

Molecular simulation values are taken from Ref. 58. The

curves are shown for the following TraPPE alkanes: eth-

ane (3), propane (�), butane (�), pentane (*), octane (•),

dodecane (�). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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(4b) leads to a system of 2 equations that can be solved for
qc and Pc. The J 2 2 coefficients of the approximant are
then obtained using (4b). Note, that in such an approximant,
we are decreasing the order of the polynomial A(q) by 2 so
that we may predict two quantities. Although we have exam-
ined this approach and obtained reasonable values, the low
number of virial coefficients currently available do not allow
us to report conclusive results on its efficacy here.

Critical amplitudes

Scaling laws, such as that expressed in (3), describe the
critical behavior of all fluids in the same universality class,
apart from two system-specific critical amplitudes needed to
fully quantify the leading critical-point behavior. Given two
amplitudes, all others can be evaluated from them via uni-
versal critical-amplitude ratios.16 Given our restriction here
to behavior on the critical isotherm, we can determine only
one critical amplitude from our analysis, namely D0 defined
in (3). This quantity is difficult to determine from experi-
ment or molecular simulation, but it is easily obtained from
the approximant as the value of A(q)/Pc at q 5 qc. Of course,
a complication arises from the weak confluent singularities
in A(q) at qc, which restrict convergence, but in some cases
it is possible to discern an estimated limit point. The behav-
ior for the fluids examined above is presented in Figure 7,
with comparison to the best available values from experi-
ment (with argon standing in for the Lennard–Jones model).
The figure indicates convergent behavior of D0 with increas-
ing order of the approximant. Convergence is (of course)
perfect for the van der Waals equation of state, and it also
appears to be good for the Lennard–Jones model and the
alkanes. The value for He-4 is in good agreement with
experiment, but it is unclear whether this value is converged.
Differences of the alkane D0 values with experiment could
have a number of causes, including inaccuracies in the

molecular model, or experimental error. Data from molecular
simulations that use ab initio models would help to resolve
this question, but it may be that new methods or new data
analysis techniques are first needed before simulation can
provide such information.

Comparison with a Crossover Model

Nonclassical scaling laws for critical phenomena apply
only in a narrow range of conditions near the critical point,
and considerable attention has been directed toward analysis
and modeling of the crossover from classical analytical
behavior to nonclassical behavior as the critical point is
approached.16,59–61 The starting point for these theories is
the nonclassical asymptotic critical behavior, from which an
attempt is made to build out into an extended region, moving
away from the critical point. However, without additional
information, crossover models cannot accurately capture
behavior far from the critical region. Global crossover theo-
ries attempt to address this deficiency, providing the infor-
mation needed to capture the correct behavior over large
ranges of temperature and density, while also characterizing
the behavior correctly in the critical region. Often this
involves finding a method to connect the critical behavior to
a traditional classical model such as a cubic equation of
state.35,62 The process typically requires the introduction of
system-dependent parameters beyond those already present
in the classical model. It is a challenge to develop such an
approach that captures both the universal critical exponents
and the amplitude ratios, while not introducing anomalous
behavior in the classical region away from the critical point.

The virial-based approximant introduced in this work is
too narrow in scope to be considered an archetypal crossover
model, as it does not capture temperature dependence, nor
does it extend beyond the critical density (because, as dis-
cussed above, our treatment does not remove all critical-
point singularities). The lack of temperature dependence (as
well as singularities at the binodal) precludes the extension
of the approximant into the two-phase region (i.e., the
approach does not characterize the shape of the coexistence
curve). Furthermore, the approximant captures behavior
appropriate to only one critical exponent, and it provides no
description of the amplitude ratios. Still, it is worthwhile to
examine how the critical isotherm approximant compares to
a state-of-the-art crossover model within its range of applica-
tion. This comparison is provided in Figures 8 and 3a for the
Lennard–Jones fluid, using the crossover model described in
Appendix C, which is based on the same seven-term virial
series used to develop the approximant.

As shown in Figure 8a, the crossover model succeeds in
going to zero pressure at q 5 0, but the low-density virial
series behavior input to the model is tainted by the crossover
framework, and the equation of state does not even exhibit
the correct ideal-gas limit (approaching instead Z � P/(qkT)
� 1.1; see inset). In contrast, the approximant adheres to the
correct low-density behavior prescribed by the virial series,
as designed. Additionally, the crossover model provides no
correction to the critical density of the virial series, qcl

c , thus
both are �10% lower than the critical density of the approx-
imant, as indicated by the vertical dashed line in Figure 8a.

The approach to the critical point is difficult to discern in
Figure 8a, as all the curves become nearly flat (excluding
the ideal gas law). This further complicates comparison of
the approach to scaling between the approximant and the

Figure 7. Critical amplitude D0 for various fluids given
by the approximant (4) using a J-term virial
series; the alkane approximants use the
“corrected” Pc values given in Table 3.

Literature values (- - -) for ethane, pentane, and argon

are taken from the “restricted linear model” given in

Behnejad et al.16 (see references therein). For helium-4,

we compare against the D0 of the semiempirical model

given in Bezverkhy et al.56 For the van der Waals

model, D0 5 3/2. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.

com.]
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crossover model. To better discriminate between the cross-
over model, approximant, and virial series, it is useful to
define the quantity

DðqÞ5 12
P qð Þ
Pc

� �
12

q
qc

� �2d

(8)

which is effectively the function describing all “corrections-
to-scaling” along the critical isotherm, once the leading-
order behavior has been removed. Note that D(q) limits to
the critical amplitude D0 as q ! qc (see Eq. 3). For the
approximant given by (4), D(q) is simply A(q)/Pc. Since the
approximant and the crossover models are based on different
critical densities, to compare them we must evaluate (8) at

the same reduced density (defined in terms of their respec-
tive qc values). In Figure 8b, we compare D(q) for each
model on a relative scale (defined in the figure caption).
When presented this way, we are able to see an agreement
between the approximant and the crossover model in the
approach to their respective critical regions; the figure also
shows that they are largely in agreement over the entire den-
sity range. As in Figure 8b, the crossover model curve
shown in Figure 3a is also plotted on a relative scale, using
an x-axis of q=qcl

c . Here, it is shown that the crossover
model also attains the correct limit of deff !d as q !qc and
the approach to the critical point is close to that of the
approximant.

Conclusions

Our aim going into this study was to leverage the univer-
sal critical behavior of fluids toward improving the conver-
gence of the virial series on the critical isotherm, particularly
with the goal of overcoming a systematic error that has con-
sistently hampered its application for critical density estima-
tion. The approximant developed here appears to have
achieved this aim for systems where the virial series con-
verges at densities approaching the critical region. In the
process, we have found the approximant to be useful in
ways we had not anticipated. In particular, it can be used to
augment molecular simulation data to yield a critical pres-
sure that is far more precise than possible from simulation
data alone. Also, the approximant may be used as a probe of
critical behavior, providing what may prove to be among the
most effective ways to evaluate critical amplitudes. In its
narrow scope of application (the critical isotherm for q �qc),
the relatively simple closed-form phenomenological treat-
ment prescribed by the approximant describes the approach
to the critical point in the same manner as a sophisticated
crossover model built on renormalization-group theory. Yet,
the ability of the approximant to offset the underestimation
of qc is not reproduced by the crossover model used here,
which appears to be incapable of providing this correction
(particularly given that it was not needed to adjust Tc, which
appears to be the means by which it produces changes in qc

from the classical value).
The results presented here encourage development of a

more comprehensive crossover model, one that captures the
full spectrum of critical phenomena while fully adhering to
the low-density behavior prescribed by the available virial
coefficients. Perhaps this requirement can be met within
such a framework using a higher-order Landau expansion16

in the critical region. Complications are inevitable, however:
mixed-field scaling should be used,42 and the use of simpler
formulations would require ad hoc adjustments to compen-
sate for any lack of rigor in the selection of the scaling
fields; also, it may be necessary to work with parametric var-
iables,16 to avoid anomalies in the global behavior. Exten-
sion to mixtures would likely work best using a
representation of the mixture in terms of its species fugacity
(or fugacity ratios), to avoid suppressing composition fluctu-
ations on approach to the critical point; this of course com-
pounds the challenges already facing pure-fluid applications.

Still, there is good reason to formulate models that are
consistent with the virial series. One of the appealing fea-
tures of the approximant proposed here is, that it is free of
adjustable parameters (apart from the critical exponent d,
which is known independently). This is in fact a very

Figure 8. Critical isotherms for the Lennard–Jones fluid
prescribed by the virial series (Eq. 1, VEOS7),
the approximant (Eq. 4, A7), and a crossover
model (Appendix C, –3–).

(a) Pressure versus “absolute” density, where qc on the x-

axis is qc,A7 (i.e., the critical density of A7). Note that, on

the scale of the inset, the ideal gas law, A7, and VEOS7

are indistinguishable from each other; the crossover

model, however, has a visibly different slope. (b) Dð�qÞ
(Eq. 8) plotted on a “relative” scale, where �q is q/qc,A7 for

the A7 curve and �q is q=qcl
c for VEOS7 and the crossover

curve. qcl
c is the critical density of both VEOS7 and the

crossover model. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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valuable element of virial-based approaches in general—vir-
ial coefficients for a given molecular model are determined
rigorously, and can in principle incorporate effects of arbi-
trary complexity in a molecular model. With improvements
to ab initio methods, molecular models, and computing hard-
ware, we envision that in the long term, first-principles
approaches to the prediction and analysis of critical phenom-
ena will be feasible; more generally, they will be part of
accurate first-principles models for gas-phase behavior cover-
ing a broad range of conditions. We see the developments
presented in this work as important steps in that direction.
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Appendix A: Ideal-Gas/Critical-Scaling
Approximant

The J 5 1 critical approximant (A1) is given by

P

Pc

� �
Tc

512 12
1

Zc

2d

� �
q
qc

� �
12

q
qc

� �d

(9)

for any fluid, since B1 5 1 for any fluid (ideal gas limit as q !
0). Additionally, the value of 1/Zc 5 qckTc/Pc is approximately

the same across groups of fluids, allowing us to collapse A1 and

critical isotherm data from experiments onto only a few curves

for most common fluids. We have done this for several fluids

listed in the NIST webbook.55 We present results for three of

them in Figure 9, which shows a comparison of the critical iso-

therms for water (1/Zc 5 4.3592), argon (1/Zc 5 3.4542), and

hydrogen (1/Zc 5 3.2971). For all fluids shown, the critical

approximant A1 is an improvement over the ideal gas law when

representing data interpolated from experiments. As demon-

strated in the main text, the accuracy of the approximant is

improved by including additional virial coefficients.

Appendix B: Convergence of Pc to a Branch-
Point in qc

Consider a model fluid expressed in dimensionless quantities

where qc 5 1, Pc 5 1, and kTc 5 10/3, such that it falls on the

near-universal curve of Figure 9. Substituting these values into

(9) (for the region q � qc) gives an expression for the fluid’s

critical isotherm that satisfies both the ideal-gas law and criti-

cal scaling: P 5 1 2 [1 2 (10/3 2 d) q](1 2 q)d. In what

follows, we treat this equation as exact, and consider how

well a virial series for this model would predict the respective

critical properties. Taking d 5 4.789, the J-term expansion

about q 5 0 of this equation provides us with a virial series

of a nonclassical model fluid to any order J for a fixed value

of Tc. Note that in practice, predictions of Tc fluctuate with

the order of truncation J. Applying definitions (2) to deter-

mine the critical point of the model fluid described above

leads to the predictions in Table 4. Since d 5 4.789 prescribes

a slowly varying pressure region surrounding the critical point,

convergence to the correct Pc value is possible at a faster

rate than that of qc, which is approached slowly from below.

This is expected, as qc is the radius of convergence of the

virial series here, and demonstrates why predictions of qc

from the virial series are typically found to be too low in

general while those of Pc and Tc are essentially correct.

Appendix C: Crossover Model

Here we describe the global equation of state used as the cross-

over model for the comparison presented in Figures 8 and 3a.

The only novel feature of this treatment is the use of the virial

series as the classical model. Hence, we do not attempt to

review the ideas underlying this development, but focus only on

enumerating the steps taken to compute the pressure according

to the crossover model. To conserve space, the description here

is specific to a fluid on its critical isotherm, and omits any ele-

ments needed to capture the general temperature dependence.

Table 4. Points Where ›P
›q 50 in Model Fluid

J qc Pc
@2P
@q2

10 0.9078 0.99988424 20.0710
20 0.9587 0.99999695 20.0076
30 0.9733 0.99999960 20.0023
40 0.9803 0.99999990 20.0010
50 0.9844 0.99999997 20.0005

The approach to @2P
@q2 50 is shown in the last column.

Figure 9. Critical isotherms as prescribed by the A1
approximant (9) (- - H2O, — Ar and H2), inter-
polation through data from experiments55 (�
H2O, • Ar, and w H2), and the ideal gas law
(thin diagonal lines).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Further, we do not incorporate details needed to distinguish the

critical temperature Tc of the classical virial series model from

the true Tc obtained using any nonclassical treatment of the criti-

cal point, because we know that these are essentially the same

for the Lennard–Jones model used for this demonstration (cf.

Table 2). For additional details, one can consult the litera-

ture;16,59,63,64 our development follows closely to that given in

Wyczalkowska et al.35

We start with quantities defined for the virial series classical

model

�q5
q

qcl
c

�P5
P

Pc

�l5l
qcl

c

Pc

�v5v
Pc

qcl
c

� �2
�A5

qA

Pc

D�q5�q21

where l is the chemical potential, v 5 (@q/@l)T is the isothermal

susceptibility, and A is the molar Helmholtz free energy. The

superscript “cl” on qc indicates it is the value obtained from the

classical virial series; we omit this designation on Pc because it,

like Tc, is not substantially different from the true Pc for the

Lennard–Jones model.

In terms of these variables, the virial series, (1), is

�Pð�qÞ5 1

Zcl
c

XJ

j51

�Bj�q
j; �Bj � Bj qcl

c

� �j21

where Zcl
c 5Pc=qcl

c kTc. We use J 5 7 in this demonstration. Then

�l5�l01
Ð

D�q11ð Þ21 @ �P D�q11ð Þ=@D�qð ÞdD�q

�A5�q�l2 �P

�v215 @2 �A=@�q2ð Þ

where �l0 is a constant of integration, defined such that �l2�l05

0 for D�q50. The Helmholtz free energy is separated into a

background part �A0 and a part D �A that is impacted by critical

fluctuations in the nonclassical treatment, thus

�A5D �A1�q�l01 �A0

�A0 is defined such that D �A50 at D�q50, and it is equal to 21.

Now we can introduce the terms needed for the crossover

treatment. A tilde is used instead of the overbar to indicate

quantities given by the nonclassical model. These are made

dimensionless just as the quantities with the overbar, but using

the true qc instead of qcl
c , and they are formulated to have a

nonclassical density dependence near the critical point. First, we

have the nonclassical free energy, which for the crossover model

is given by the classical free energy, but evaluated at a scaled

density (written here for T 5 Tc): D ~Að~qÞ5D ��AðD~q3Þ, with D~q3

5RðYÞD~q;RðYÞ5Ymð122gÞ=4Ds ; YðD~qÞ is a crossover function

defined below. The exponents in the definition of R are:

v 5 0.6301, g 5 0.0364 (taken from Pelissetto and Vicari,17 such

that d 5 4.789), and Ds 5 0.52. The free energy D ��AðD~q3Þ is

almost the same as developed above, but substituting a slightly

different scaling for the leading asymmetric contribution, so it is

given by D ��AðD~q3Þ5D �AðD~q3Þ1D �A5D~q5
3 VU21=421
	 


, where

UðYÞ5 Ym=Ds ;VðYÞ5YðDa21=2Þ=Ds , Da 5 1.32, and the constant D
�A5 is the fifth-order term in the expansion of D �AðD�qÞ about

D�q50.

A quantity j is introduced as: j2ðY; D~qÞ5c22
q

��v21

ðD~q3Þ½UðYÞ�1=2
. Here, cq is a constant given by c22

q 5 u��uK=ð
u0Þ1=2

, where u* 5 0.472, while �u and K are physically meaning-

ful but adjustable crossover-model parameters. As with ��A, the

isothermal susceptibility ��v21ðD~q3Þ substitutes the leading asym-

metric contribution: ��v21ðD~q3Þ5�v21ðD~q3Þ1�v21
3 D~q3

3ðV3=5

U23=2021Þ, where the constant �v21
3 is the third-order term in

the expansion of �v21ðD�qÞ about D�q50. We can now define the

crossover function YðD~qÞ as the solution to

12ð12�uÞY5�uYm=Ds 12K2=j2ðY; D~qÞ
� �1=2

which is solved numerically for Y for a given D~q.

Finally, the pressure is obtained according to

~Pð~qÞ5~qð@D ~A=@D~qÞ2D ~AðD~qÞ2 �A0

The derivative in this expression is evaluated via the chain rule

applied to ��AðD~q3Þ. The necessary derivative Y0 � @Y=@D~q is

evaluated via implicit differentiation of the equation for Y,

which allows for the explicit solution of Y0 in terms of Y and

D~q.

For the adjustable parameters, K is expected to be of order

unity35 for this class of systems, so we use K 5 1. We set �u5

0:237906 by forcing the critical amplitude D0 to exactly match

that of the approximant used in the main text (Fig. 8b, at �q51).

It is pleasing to find that this choice is consistent with the rec-

ommended value of �u50:24 for systems having a Lennard–

Jones type attraction.35
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